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Abstract

Some algebraic properties of the generalised Pauli matrices of Barut, Muzinich and
Williams are derived and used to demonstrate the equivalence of the zero-mass equations
of Nelson and Good with those of Dirac, Fierz and Pauli. The conserved rank four tensor
of the spin-2 theory is shown to have the structure of Bel’s tensor for a gravitational field
satisfying Einstein’s empty space equations, in the linearised version of general relativity.

1. Introduction

Recently, Nelson & Good (1969) have given a new description of massless
spin-j particles in terms of the relativistic wave equation

o b2e 12 9D [Dxt = O (1.1)

where @ is a (2j + 1)-component quantity transforming according to the
(7,0) representation of the inhomogeneous proper Lorentz group (L) and
the §#---#2J are a set of (2j+ 1) x (2j + 1) matrices, completely symmetric
in the tensor index set and traceless in the sense that

guySHPaPri =0 (1.2)

(g, is the flat-space metric with non-vanishing components —g;; = —gz, =
—g33=g44 =1, which will be used as raising and lowering operator for
tensor indices). Let the matrix for the (j,0) representation of an element A
of L be denoted by Z”[A]. The infinitesimal generators M, = —M,,, can
be taken to be
(M3, M, M12) =5 13)
(MM, M24, M34) =S ¢
The three s being the Hermitian generators of the spin-j representation of
the three-dimensional rotation subgroup (Brink & Satchler, 1962),
[Ss(p]m:mq;m (m=_ja_j+1:'“j)
[* Pl ={(Fm)G+m+D}2D,  (sF=s5'+is?)
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The (0,/) representation is given by 9 = (21! and the most general
representation of L is (j, k) given by 29 @ Z® (Corson, 1953).

The covariance of (1.1) under x* — A #x*, @ —> ZP[A]D is ensured by
requiring

GD[A] 5+ 12 GO[A] = (/1—1)5’1 e (A-—I),}fzz}‘s-,vl...v“. (1.5)

As shown by Nelson and Good, this requirement is sufficient to determine
the §#1---#25 uniquely, to within an overall numerical factor. The quantities
§#1-#25 and the relation (1.5), together with associated quantities g#1+:+#27
defined by

DO[A] st-42s GOTA] = (A1) -« (A ag g%10-%2s (1.5

were first introduced by Barut et al. (1963). They have been discussed by
Weinberg (1964) and, in connection with formulations of wave equations
for particles with non-vanishing mass, by Williams (1964) and by Sankara-
narayanan & Good (1965). In Barnet et al. (1963) they are constructed from
direct products of Pauli matrices by using Clebsch—Gordon coefficients to
pick out the spin-j part from the sets of two-fold (spin-{) spinor indices
occurring in the direct products. The method described below is simpler in
that the Clebsch-Gordon coefficients are not used explicitly. This is possible
because we shall use the characterisation of (7,0) as a quantity with a
completely symmetric set of two-fold spinor indices, rather than as a
(2j + 1)-component column as implied by (1.3) and (1.4). Let D[A] be the
(4, 0) representation of L and consider a quantity

(#Al"'AZf

completely symmetric in its two-fold indices and transforming according to

Gayeay, — DG Dgi‘;(/)Bl"-B” (1.6)

Because of the symmetry, a particular component will be specified by the
number of 1’s and the number of 2’s in its index set (#, and n, with
ny + ny =n; 4+ n,) and can be written ¢(n, n,). Writing 2m = n, — n,, the
2j+ 1 component column

=Gl P dmm)  (m=—j,—j+1,...J) (1.7)

will have the 2 transformation law defined by (1.3) and (1.4). The proof
is straightforward so we shall omit it.

2. Construction of Generalised Pauli Matrices

Denoting the three Pauli matrices by o and the spinor metric (_!) by ¢, we
define

ot =(a,1) } @.1)

6t = e(c") e = (—g, 1)
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which satisfy

(o, 6, + 01,6#)=g#,,.1} 22)
6,0, +6,0)=g,.1 )
and we define

ot = Yo" ¢ — ¢’ ")
then 2.3)
" = —(o")! = 1(G* 6" — G" a¥)
The (4,0) representation D[] satisfies the well-known relation
Do* Dt = (A~Hko” 24
from which we obtain o
Dt Dt = (A" Yk 5" 2.5

for the (0,1) representation D = (D')~!. Equation (2.4) is easily verified by
taking an infinitesimal /1 and showing that the generators of D must be
}io* which satisfy (1.3) with s = 1e.
We distinguish four kinds of two-component spinor index:
(a) ¢, denoting the transformation law ¢ ~> D¢
(b) ¢4 denoting the transformation law ¢ — ¢ D! = D*¢
(©) x4 denoting the transformation law y — D*y = yD~!
(d) x* denoting the transformation law y — (D*)~! = Dy

(2.6)

Because eD = (DY) ¢ for any unimodular D, € can be used as raising and
lowering operator for spinor indices—(a) and (b) are equivalent, as are (c)

and (d).
Now define
Sha=olis/v2,  5i°=6.7v2 @.7)
s S Ay
i ) 29

where the brackets denote complete symmetrisation in the two sets 4 and B,
separately. These quantities are obviously symmetric in their tensor indices
and satisfy (1.2) on account of

SuvShn Sty = cac€ans g FAESEP = AC PP 2.9
Also, from (2.4) and (2.5) it follows that, if we convert the spinor index sets
to a single (2j + 1)-fold indices m and mz according to the prescription (1.7),
the resulting quantities

Y =hm
Shi bl Stz

will satisfy (1.5) and (1.5"). Thus the quantities (2.8) are effectively the
Barut-Muzinich-Williams quantities, but expressed in a notation that
makes their structure readily apparent, and also makes them easier to
work with.
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3. Properties of the Matrices

Let #,,...,.,, be an arbitrary tensor of rank 2j and denote its completely
symmetric traceless part by

t{Ml"'#zJ}

The actual construction of z,,, . from #,,...,,,, is quite complex, but will

not be needed here. We define
B(Vl..-p”} — Svl e 8”“ (31)

{B1°""M2 5} {1 2y}

which is effectively the unit matrix for the space of completely symmetric
traceless tensors. We can also define raising and lowering operators in this
space, constructed from 7, ***7,,,, . It will be convenient to write a
completely symmetric, traceless, rank 2; tensor index set {u;*pu,;} as a
single (27 + 1)>-fold index (u). Thus (3.1) is just 8§}}, and the generalised
Pauli matrices are

iz}

(u) gnm
Sﬁﬁ » S?}i)

For the generalised spinor index sets, we can define the unit matrix &y, by
completely symmetrising the (2j + 1)-fold direct products of 8%:

(By .. 5B2p
A RRRL LS

and applying the prescription (1.7). Raising and lowering operators
Cpn = C™ = Cyyy = C™ are obtained from 2j-fold direct product of ¢ 45 also
by symmetrising separately in the A’s and the B’s and applying (1.7). We
easily obtain

Cmn = (—)j+m 8m,—n (32)

which identifies C,,, as just a Wigner 1-f symbol, as we might have expected
(Brink & Satchler, 1962). The identity 6* = e(a*)T ¢! gives

§W = C(snT C! (3.3)
Another easily proved identity is
s 524, = 82, 88 (3.4)

which follows from the Pauli matrix identity (2.10),

sta 3P — 35§
Given a spinor @' belonging to the (j,/) representation we can define from
it a completely symmetric traceless rank 2j tensor

DU = 51 D 3.5)

(i.e.: D = trace s @ in matrix notation). Equation (3.4) shows that @
can be recovered from the tensor:

i — gm0 (3.6)
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This corresponds to the following two results

(2) A completely symmetric traceless rank 2j tensor belongs to the (j,7)
representation of L.

(b) The (2j+1)*> Barut-Muzinich-Williams matrices are linearly
independent.

Consider the ‘scalar product’

X Y(H)
of two traceless symmetric tensors. From the above equations, this is just
an Ym"
where
X = j?,:in) X, Yo = 53 Y()u) (3.7
whence it is easy to obtain
tr s 5,y = s sfm = 849 (3.8)

A more complicated relation that we shall make use of is the following
which contains the spin j and the spin j + 1 quantities:

SHEVHE pp gy, SRR OV = (G 1) Gt -+ 8524 styp (3.9)
To prove this we need the identity
bea 84l Sam=Nmd, (3.10)

where ¢ is any (,0) spinor and N is just 2 number, That this must be valid
is fairly obvious. We require the number N. Write

¢(A Sﬁ:ﬁ") = n——*-—i [¢A S(i{...ﬁ:) + ¢A, 8(;421...:}:‘4) + ¢A2 S(j;"‘ﬁ:AAl) + - ']
(3.11)

= {0 Dt aN G~ Dbl

This gives the formula N(n) =1+ nN(n — 1)/(n + 1) and since N(1) = 3/2
we find

N@m=1+n/2 (.12
Now we have
Up §B1 B2y C1Coy — gl . oH1"H §B1:By; €1 °Cy
SAAlx"'Azjj331"“’2]“!‘1"'#2‘5 / S(ABSAI"'A:';Bx“’ﬂzﬁsm”'#;{i !

— 8C1 ... §C SBy L. 8By VAC1 «»a §C .
= 8(3, SA%SQ) @08 33%) = N(2j)3¢4, 8425 stha

which is just (3.9). Multiplying by 52, contracting on B and symmetrising
the C’s gives (substituting 2;j for 2j + 1),

vyt eB1 By C1Cay . (3 1 ug YC18C, " 8Cy )
S ey, S ph RV = (J+PEH5) (.4}5.4; ey SAZ)
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which gives, since s#5° = 4(g"* + otF),
SETIIE L, = (2]1— 1) (g — (1) iM**) (3.13)

which is the generalisation of the Pauli matrix relations (2.2) and (2.3).

4. Zero Restmass Equations
The equations of Dirac (1936) and Pauli & Fierz (1939) for zero restmass
and spin-f are
au5“34¢AA2...A21=0 (4.1)
where ¢ is completely symmetric. That the equations (1.1) of Nelson and

Good are equivalent to (4.1) is now self-evident in terms of the formalism
we have set up. Multiply (4.1) by

B2 Basardzy
H2' 2

and symmetrise the B’s. We get
O St B bard L, =0 4.2)
which is just (1.1); conversely, multiplying (4.2) by
SE2EM e ey,
and using (3.9) we get back the equations (4.1).

As is well known, for j = 1 equations (4.1) [or equivalently (1.1)] are just
Maxwell’s equations. Given a symmetric ¢ 45, define

?S;w = %‘i’AB O‘ﬁf, (){)AB = ‘%4544;» Ufﬂi (43)

¢, 18 self-dual, so that written as the sum of a real and an imaginary tensor
it is

¢,uv =f/.w -+ '%ieuvpafpa =fyv + ;ﬁ (4.4

The complex conjugate of ¢ 5 is
¢:B = _% :v 6%;% ¢:v =f[1v _f;ﬂ! (4‘5)

The traceless symmetric tensor
ty=D"5,, P ' (4.6)

satisfies d,¢#" = 0 on account of (1.1), and as pointed out by Nelson and
Good, is the energy-momentum tensor of the electromagnetic field. It is
instructive, and will be useful for dealing with the j = 2 case, to see how this
works out in our present notation. We use the identities

oM gP = —jelPA A+ g7 ot — gt ov} @

W 6P = jetVPA & )+ g™ GH — gPHGY
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to obtain

Opc 264P o ¢
ZZ::A 5 j_zqs'ifm ) AC} (4.8)

and hence
Ph b5t 0paHA =8, prom 4.9
The tensor (4. 6) can be written

— %‘ﬁjB 6,BA AB quB

= qu 546 OvB4 S[’A

= 4o 6*y

=4 foufPu =SSP + Mo P — S PP\
The two terms in brackets are respectively real and imaginary, but ¢, in
(4.6) is plainly real, so the second term must be identically zero. This also

follows from the fact that it is skew in pv. The remaining term can be
reformulated with the aid of the identity

S ]
€ovag €170 = —63{‘,,’;‘3]

to give
tuv = 8(fpvfpy - %gyvfpafpa) (410)

We are now in a position to deal with the spin-2 case. Given a completely
symmetric rank 4 spinor we can define

¢#Vp0 = T%?SABCD aﬁf thlr)} (4 11)
4’ABCD = ‘}Iqsyupa o8 0CH
The tensor is self-dual in each index pair (uv), (po), symmetric under

interchange of the pairs, and is traceless for contraction on any two indices.
Split into its real and imaginary parts it has the form

qsyvpa = R,wpa + %iepauﬂ RuvaB = R;wpo' -+ R;lt)vpa (4'12)

where the real tensor R,,,,, has also the symmetries of a Riemann tensor,
and is traceless. The equations (1.1) in terms of this tensor are just the
‘linearised Bianchi identities’

ay Rpa/\v + ap Rap/\u + ac R’.(p/\v =0 (4'13)
A more detailed treatment is given in (Lord, 1971). Our present aim is to
express the traceless symmetric tensor
yvp/\_@ S“”P/‘(p (4.].4)
of the j = 2 theory in terms of R,,, ;. It can be rewritten

* =44 BB ~CC -D
Lyvpr = 4¢ABCD Oy O'B Up G D qSABCD (4 15)
*AC -BA BD *
=79 b0y Ovdn Gp P Corep qSAC

23
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where
blzcn = 3 jwpr 545 8
Using (4.9) twice the expression (4.15) is seen to be
Fuvpr = 4y % P
= 4(R,up, R* Py — R2,p, RP* Fy) + 4(RD,5, R* Py — Ryup, RP*.F))

As in the electromagnetic case, the second term must be identically zero,
since it is imaginary. Hence we have

/wp/\ = 4(R Rapﬁ/\ - Rg,uﬁvRDapr\) (4 16)

Now a tensor of just this form has been investigated by several authors in
connection with the energy-momentum of a gravitational field (Bel, 1959;
Lichnerowicz, 1958 ; Chevreton, 1964). Bel’s tensor is a rank four tensor

B;wp/\ = %(R;mvﬁ Rpat\ﬂ - DRuowﬂ DRpar\ﬁ - Rﬁuuﬁ RD B + D-R,uavﬁ DRDp“/\ﬁ)

where in this case R,,,, is a Riemann tensor, not necessarily traceless. In
(4.17) we have used the notation

o By

D 1z D — 17
R,uvp/\ = %lsphozﬁ Ryvuﬂs vap)\ = %leyvaﬁ Raﬁp/\ (4 18)
D S .
DRyv,m\ = "%e,uvozﬁ €oAyd Ry

Bel’s tensor in general is not completely symmetric and traceless but has the
partial symmetries

Bpo=Boppo = Booys B, =0 4.19)
It is completely symmetric and traceless in the particular case when

Einstein’s empty space equations R,, =0 are satisfied. For a traceless
Riemann tensor,

vupo

=DRD 4.20)

uvpAs

R

As is easily verified by taking particular values for the indices. Thus, in the
case when Einstein’s equations for empty space are satisfied,

B;pr

uvpA

1t (4.21)

FluvpA
with #,,,, given by (4.16).

This result is highly suggestive of a connection between Einstein’s theory
and the equations (1.1) for j = 2. However, (1.1) is a flat space theory so that
R, cannot be interpreted as a Riemann tensor. In a curved space-time
the derivative of the spinor would become a covariant derivative, Fock—
Ivanenko coefficients would appear in (1.1) and (4.13) would become the
Bianchi identity. A rigorous treatment of the relation between Einstein’s
theory and the linear massless spin-2 theory is given in (Lord, 1971). An
expression for Bel’s tensor in the case R, # 0 that is closely related to (4.21)
has been previously obtained (Lord, 1967).
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